Abstract.
Introduction
For 0 < p < oc , the Hardy classes Hp in the unit disc U = {z e C : \z\ < 1} are defined as the set of holomorphic functions f in U for which sup / \f(re'e)\p dd < oc.
0<r<l JO
It is well known that this is equivalent to the subharmonic function \f(z)\p having a harmonic majorant on U. In [Yl] Yamashita proved that a holomorphic function f on U is in Hp , 0 < p < 00 , if and only if (1.1) jj (1 -\z\)\f(z)r2\f'(z)\2dxdy < cx).
The case p = 2 had previously been noted in [Z, Remark(a), p. 208] . Analogous problems have also been considered by Kobayashi and Suita in [KS] for Hp spaces on a nonparabolic Riemann surface R. In a subsequent paper [Y2] Yamashita proved that if f e Hp , then (1.2) lim(l-r) ff \f(z)\"-2\f'(z)\2dxdy = 0.
r^X JJ\A<r
The purpose of this note is to obtain analogous results for functions in the Hardy-Orlicz class H^ on planar domains in C that have a Green's function G. For convenience we will take the Green's function to be positive and hence superharmonic.
As in [R2] , a function <f> on (-00, 00) is said to be strongly convex if <f> is nonnegative, convex, and nondecreasing with <f>(t)/t -> 00 as / -► 00. Let D be any domain in C. A holomorphic function / on D is said to be in the Hardy-Orlicz class H^D) if there exists a harmonic function h on D such
for all z e D. Taking 4>(t) = e<" gives the usual Hardy space H"(D) as considered in [RI] . The main result of the paper is Theorem. Let D be a domain in C that has a Green's function G, and let q> be a strongly convex function such that </>"(/) exists for all t eR. A holomorphic function f e H^D) if and only if
for some t0 e D. Futhermore, if f e H^D) then
where Qe = {z e D : G(t0, z) > e}.
As a consequence of the theorem, we will show that for a wide class of bounded domains D, a holomorphic function / e H$(D) if and only if If / is holomorphic in D and </> is strongly convex, then the function g(z) = </J(log |/(z)|) is a nonnegative subharmonic function on D. In §2 we will use potential theory methods to obtain a characterization of those subharmonic functions f on D that have a harmonic majorant in terms of the Riesz measure Pf of /. The theorem is proved in §3 by computing the Riesz measure of g(z) = 4>(log\f(z)\). In §4 we also give a characterization of the Nevanlinna class N(D) and indicate how the results can be extended to Hardy-Orlicz spaces H*, where 0(log|/(z)|) = r>(log+ |/(z)|). 
for all z e Q", where h"(z) is the least harmonic majorant of f on f2". If the boundary Yn of Q" consists of a finite number of disjoint simple closed analytic curves, then
JTn dn where the normal derivative of Gn is taken along the interior normal n. For proofs of the above the reader is referred to [T] .
The following proposition, which undoubtedly has been proved elsewhere, is included for completeness. 
Proof. Suppose / e S(D). Let h be any harmonic majorant of f on D, and let {fl"} be a regular exhaustion of D. For each n , let h" be the least harmonic majorant of / on Q" given by (2.2). Since f < h on Q" , we have that h"(z) < h(z) for all z e£ln. Since f(z) > -oc a.e. on D, there exists t0 e Qx such that f(t0) > -oo . For this t0 , by (2.2),
which proves (2.4). If the domain D itself has a Green's function G, then G"(t0, z) < G(t0, z) for all zefl, and G(t0, z) = lim"^oo G"(t0, z). Thus (2.5) follows by the Monotone Convergence Theorem.
Conversely, suppose (2.4) holds for some t0 e D and any regular exhaustion {Q"} of D. Without loss of generality we may assume t0 e Cln for all n. For each n let hn be the least harmonic majorant of / on Q" as given by Proof. Let t0 e D be arbitrary and set (2.7) g(z) = jj G(z,w)dpf(w).
Since 5 -► //y-(Qs(r0)) is the distribution function of G(t0, w),
Therefore, epf(ile(t0)) < I pf(Qs(t0))ds ^ 0 as e -0 Jo whenever g(t0) < oo. When g(t0) = oo, choose a sufficiently large so that Qa(f0) is compact, and let va be the measure defined by (1 -Xa)Pf, where Xa is the characteristic function of Q.a(t0). Let ga denote the corresponding function defined by (2.7) for the measure va . Since ga is harmonic at t0 , it follows that ga(t0) < oo, and hence as above, eva(£le(t0)) -> 0 as e -> 0. Since Pf(Q,a(t0)) is finite and epf(Qe(t0)) = e pf(Qa(t0)) + eua(Qe(t0)), limE_0eHf(Qe(to)) = 0, which proves the result.
We now assume that D is a bounded domain in C with Green's function G. For z € D, let t5(z) denote the distance from z to <9.D, the boundary of D. We will assume that the Green's function G satisfies the following: for each t0 e D, there exist constants cx and c2, depending only on t0 and D, such that (i)cxS(z)<G(t0,z) forallzGD,
(ii) G(t0, z) < c2S(z) for all z e F» ~ Z>(*0 , \d(t0)).
In the case where the boundary of D consists of a finite number of disjoint, simple, closed analytic curves, (2.8) was proved in [W] . If the boundary of D is C2 , then the inequalities can be established by comparing the Green's function G to the Green's function of discs which are internally tangent to obtain (i) and to the Green's function of the complement of externally tangent discs to obtain (ii). where Ds = {z e D : 8(z) > s} .
Proof. Suppose f e S(D) and t0 e D is such that (2.5), and hence also (2.6), holds. Then (2.9) follows by (2.8(i)), and since Ds c QCls(t0), we obtain (2.10). Conversely, suppose (2.9) holds. Let p0 e D be arbitrary and let K -
Since K is compact, gx is superharmonic on D. In particular, g\(z) < oo a.e.
on D. Also, let
Since G(p0, w) < c28(w), we have g2(p0) < oo by hypothesis. Thus g2(z) is also superharmonic on D and hence finite a.e. Thus there exists t0 e D such that both gx and g2 are finite at t0 . Therefore pf satisfies (2.5), which proves the result.
Proof of the theorem
Let D be a domain in C with Green's function G. Suppose f e H^D), where </> is a strongly convex function for which <p"(t) exists for all teR. Since <f> is nonnegative and nondecreasing, <j>(-oo) = lim,__00 <f>(t) exists. Also, since (t>"(t) exists for all (el and 4>"(t) > 0, it follows that <p'(t) is continuous, nondecreasing, and nonnegative on R. As a consequence, lim,_*_oo <j>'(t) exists. Furthermore, since <f>(t) = 4>(-oc) + f^ cj>'(x) dx, we have for all cp e Q°(F>).
Suppose cp e C£°(D). Since cp has compact support and the zeros of / are isolated, we can assume without loss of generality that the support of tp contains exactly one zero of /, say Po, which for convenience we will take to be zero. 
Related results
The methods of the preceding section are not restricted to the Hardy-Orlicz spaces H$ where </>"(/) exists for all t. They can also be applied to other spaces of holomorphic functions, including the Nevanlinna class N(D) and Hardy-Orlicz spaces H$, where 0(log|/(z)|) = 0(log+ \f(z)\) and (j)" does not exist at 0. As in [RI] The methods can also be extended to Hardy-Orlicz spaces where the strongly convex function cj> satisfies has a harmonic majorant on Z). As in §3, the Riesz measure pg of g is given by A"l,\ l L"MrW1 I IrV^m ■ 0'(lOg(l + l/^)l))1 \f\*)\2 jy., dpg(z) = -\4> (10g(l + |/(Z)|)) + -^-j (1+|/(z)|)2 dX(z).
